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Abstract We study corrections to the Grimus-Stockinger
theorem dealing with the large-distance asymptotic behav-
ior of the external wave-packet modified neutrino propaga-
tor within the framework of a field-theoretical description of
the neutrino oscillation phenomenon. The possibility is dis-
cussed that these corrections, responsible for breakdown of
the classical inverse-square law (ISL), can lead to measur-
able effects at small but macroscopic distances accessible
in the SBL (anti)neutrino experiments and in particular can
provide an explanation of the well-known reactor antineu-
trino anomaly.
1 Introduction
The neutrino oscillation phenomenon (transmutation of one
neutrino flavor to another in passing from a source to a tar-
get) is regarded as the most likely explanation of the results
of the last decades experiments with solar, atmospheric, re-
actor, and accelerator neutrinos and antineutrinos. The stan-
dard quantum-mechanical treatment of the oscillation phe-
nomenon is based on the idea that the neutrino flavour state
generated in a weak interaction process is a quantum mix-
ture of several mass eigenstates with different masses. The
extremely fruitful quantum-mechanical approach has, how-
ever, a number of internal inconsistencies (see, e.g., Ref. [1]
and references therein) that have inspired developments to-
wards a new approach based on S-matrix formalism in per-
turbative quantum field theory (QFT) [2–35]. The neutrino
oscillation phenomenon in this approach is nothing else than
a result of interference of Feynman diagrams which pertur-
batively describe the lepton number violating processes with
the massive neutrino fields as internal lines (propagators)
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connecting the macroscopically separated vertices of the di-
agram, hereafter called “source” and “detector”. Hence there
is no need to use or even mention the flavor neutrino states of
fields. The external lines (legs) of the macroscopic diagrams
are treated as wave packets rather than plane waves. In or-
der to accommodate these features, the standard S-matrix
formalism has to be modified. In particular, the asymptotic
in- and out-states can be constructed as, e.g., superpositions
of ordinary one-particle Fock states, satisfying a set of con-
straints like relativistic covariance and reducibility to the
Fock states in the plane-wave limit [30].
In a certain approximation, the full amplitude of any pro-
cess under consideration can be represented through a tensor
composition of dynamic factors describing the interactions
of the external wave packets in the source and detector ver-
tices, elements of the lepton mixing matrix, and the follow-
ing integral
∫ d4q
(2pi)4
(qˆ+m)F(q)e−iqx
q2−m2 + iε
=
(
i ˆ∂ +m
)∫ d4q
(2pi)4
F(q)e−iqx
q2−m2 + iε . (1)
It is assumed that the passage to the limit ε → 0 in Eq. (1)
must be performed in a distributional sense. Here and below
ˆ∂ = γµ∂ µ , qˆ = γµqµ , γµ are the usual Dirac matrices (µ =
0,1,2,3), m is the neutrino mass, x = (T,L) is a 4-vector
in Minkowski space representing the space-time separation
between the source and detector vertices of the macrodia-
gram and, furthermore, T and |L| are assumed to be large in
comparison with the characteristic scales of the problem; the
scales are explicitly defined by the most probable momenta
pκ, masses mκ and momentum spreads σκ ≪mκ of the ex-
ternal wave packets κ and, implicitly (through the dynamic
factors in the full amplitude), by the local interaction La-
grangian density. The tensor-valued function F(q) in Eq. (1)
2parametrically depends on the configuration of the external
wave packets (governed by the set {pκ,mκ ,σκ}) and is pro-
portional to the gauge boson propagators which are indepen-
dent of q in the four-fermion approximation sufficient for
the oscillation studies in the terrestrial experiments. Hence,
without loss in generality, the function F(q) can be thought
to be a real-valued. Within the plane-wave limit,
F(q) ∝ δ (q− qs)δ (q+ qd) ,
where qs and qd are the 4-momentum transfers in the source
and detector vertices, respectively. So, in the general case,
F(q) is responsible for the approximate mean energy and
momentum conservation in the vertices of the macrodia-
gram, with a precision again defined by the kinematic at-
tributes of the in- and out-packets {pκ ,mκ,σκ} and by the
dynamic factors (see Ref. [30] for more details).
The most interesting from the standpoint of studying the
neutrino flavor oscillations is behavior of the integral (1) for
macroscopically large spatial distances L = |L|. The desired
asymptotics is given by the Grimus-Stockinger (GS) theo-
rem [3] which states:1
Theorem 1 Let Φ(q) ∈ C3(R3) itself and its first and sec-
ond derivatives decrease at least like 1/|q|2 as |q| → ∞, κ2
be a real number, l = L/L and
J(L,κ) =
∫ dq
(2pi)3
Φ(q)e−iqL
q2−κ2− iε . (2)
Then in the asymptotic limit L→ ∞ one obtains for κ> 0
J(L,κ) = e
iκLΦ(−κl)
4piL
[
1+O
(
1
L1/2
)]
, (3)
whereas for κ2 < 0 the integral decreases like L−2.
The physical meaning of this theorem becomes obvious
after substituting Eq. (3) into Eq. (1) and a saddle-point in-
tegration in energy variable q0. The phase factor
exp(iκL) = exp
(
i
√
q20−m2L
)
in Eq. (3) appears responsible for the oscillation behavior of
the full amplitude built as a sum of contributions with differ-
ent neutrino masses, while the factor 1/L leads to the clas-
sical inverse-square law (ISL) in the modulus-squared am-
plitude, which represents the probability and, when a proper
macroscopic averaging is performed, – the measurable count
rate of the neutrino induced events.
1It is assumed implicitly that the function Φ along with its first to
third derivatives are absolutely integrable and, moreover, that Φ is a
rotation-invariant function; the latter property will be implied from
here on out. It is also pertinent to note that, as it can be seen from
the subsequent calculations, the remainder term in Eq. (3) is actually
O(L−1), not O(L−1/2).
In Ref. [30], within the framework of the so-called con-
tracted relativistic Gaussian packet (CRGP) model and af-
ter imposing several restrictions on the space-time geometry
of the neutrino production/detection (gedanken) experiment,
the following result for the neutrino event rate has been de-
rived:
dN
dτ =VDVS
∫
VS
dx
∫
VD
dy
∫
dFν
∫
dσνDPαβ (Eν , |y− x|) .
(4)
Here τ is the detector exposure time, Eν is the neutrino en-
ergy, VS and VD are the spatial volumes of, respectively, the
source S and detector D “devices”.2 The differential form
dσνD is defined as that the expression
1
VD
∫
dydσνD
represents the differential cross section of the neutrino scat-
tering off the detector D as a whole. In the particular and
the most practically important case of neutrino scattering
from single particles, provided that the momentum distri-
bution of the scatterers is sufficiently narrow (Maxwellian
distribution is a good example), the differential form dσνD
becomes exactly the elementary differential cross section of
this reaction multiplied by the total number of the scatter-
ers in the detector volume. The factor Pαβ (Eν ,L) in Eq. (4)
is the QFT generalization of the quantum-mechanical flavor
transition probability.3 Finally, the differential form dFν is
defined in such a way that the quantity
dx
VS
∫ dFν
dEν
be the flux density of neutrinos in the detector, or, more pre-
cisely, the number of neutrinos appearing per unit time and
unit neutrino energy in an elementary volume dx around the
point x ∈ S, travelling within the solid angle dl about the
flow direction l = (y− x)/|y− x| and crossing a unit area,
placed around the point y∈D and normal to the vector l. As
a consequence of the GS theorem,
dFν ∝ |y− x|−2, (5)
2More accurately, S and D are the supports of the products of the one-
particle distribution functions fa(pa,xa) of the in-particles a, expressed
in terms of the most probable momenta pa and spatial coordinates, xa,
of the centers of the external wave packets. It is supposed for simplicity
that the functions fa are time-independent during the detection period,
the devices S and D are finite and mutually disjoint within the space
domain, and their effective spatial dimensions are small compared to
the mean distance between them but very large compared to the effec-
tive dimensions (∼ σ−1κ ) of all in and out wave packets moving inside
S and D (see Ref. [30] for more details).
3As is shown in Ref. [30], the factor Pαβ (Eν ,L) is not really the prob-
ability since it does not in general satisfy the unitarity relation. How-
ever, this fact is not essential in the context of the present study and
this quantity can be referred to as the probability.
3that results just to the classical ISL for the neutrino flux.
The asymptotic nature of Eq. (3) itself suggests that the
relation (5) may break down at short distances, but the the-
orem 1 does not provide the physical scale for this break-
down, L0 = L0(l,κ). It is stated in Ref. [3] that “large L”
means
EνL≈ 5× 1010
(
Eν
1MeV
)(
L
1cm
)
≫ 1, (6)
where Eν is an average (anti)neutrino energy. This condi-
tion is apparently well satisfied for every thinkable neutrino
experiment. But, inasmuch as |J(L,κ)| ceases to depend on
L in the plane-wave limit (that is, at σκ = 0, ∀κ), it may
be inferred that L0 is affected not only by the neutrino en-
ergy, but also by the momentum spreads of the external wave
packets; hence the very mild condition (6) is generally not
sufficient. A certain degree of information on the scale pa-
rameter L0 can be extracted from the corrections to the GS
asymptotics (3) derived in terms of powers of 1/L. Indeed,
according to Refs. [32, 36], the leading-order relative cor-
rection to the GS asymptotics is proportional to κ/(σ2effL),
where σeff is a representative scale of the external momen-
tum spreads. In Refs. [32, 36], it is however assumed that
the power corrections are negligible under the conditions of
all neutrino-oscillation experiments. But in fact the scale
L0 ∼ κσ−2eff ≈ 20
( κ
1 MeV
)( σeff
1 eV
)−2
cm (7)
can be macroscopically large at sufficiently high energies
and/or small momentum spreads, thereby indicating on ei-
ther inapplicability of the asymptotic expansion in powers of
1/L or on the real possibility of the ISL violation at L . L0,
which could, in principle, be measurable. In particular, it is
not improbable that the ISL violation can be relevant to the
observed deficit of νe and νe interaction rates (compared to
the expected values) in the calibration experiments with ar-
tificial neutrino sources in the Ga-Ge radiochemical detec-
tors (“Gallium neutrino anomaly” [37]) and/or in the short-
baseline (SBL) reactor experiments (“Reactor antineutrino
anomaly” [38–40]). Therefore, it is interesting to study this
issue further.
In the next section, we prove a theorem which yields the
leading power correction to the GS asymptotics, by using a
straightforward extension of the original method by Grimus
and Stockinger. Since, as it will be seen, this correction is
(or, generally, can be) purely imaginary, it itself cannot pro-
vide the necessary conditions for the ISL violation. The GS
method can certainly be used, with successive narrowing of
the class of the functions Φ(q), for deriving the higher-order
corrections, but it becomes too tedious for this purpose. That
is why in section 3 we apply a much simpler, while less
rigorous method, a generalization of that used in Ref. [36],
which allows us to calculate the asymptotic corrections to
any order in 1/L for both J(L,κ) and |J(L,κ)|2. Finally, in
section 4, we discuss the potential relevance of the ISL vio-
lation to the observed gallium and reactor anomalies.
2 Extended Grimus-Stockinger theorem
Theorem 2 Let Φ(q) ∈ C4(R3) itself and its first to third
derivatives decrease at least like 1/|q|3 as |q| → ∞. Let, be-
sides, ∇mq Φ(q), m = 0, . . . ,4 be absolutely integrable and
κ2 be a real number. Then in the asymptotic limit L→∞ one
obtains for κ> 0
J(L,κ) = e
iκL
4piL
{
1− i
L
[
(l∇q)+
κ
2
(l×∇q)2
]
+O
(
1
L2
)}
Φ(q)
∣∣∣∣
q=−κl
, (8)
whereas for κ2 < 0 the integral decreases like L−4.
Proof The second part of the theorem is just a corollary of
the following Lemma:
Lemma 1 Suppose Ψ(q) ∈C4(R3), ∇mqΨ (q), m = 0, . . . ,4
are absolutely integrable and ∇mqΨ(q), m= 0,1,3 vanish on
the boundary ∂Q of a simply connected domain Q (if Q=R3
then the functions ∇mqΨ(q) must decay faster than 1/|q|3 as
|q| → ∞). Then the function
J(L) =
∣∣∣∣∫Q dqΨ(q)e−iLq
∣∣∣∣ (9)
decreases faster than L−4 as L→ ∞.
According to Green’s theorem, for the functions Ψ(q)
and Φ(q) having continuous partial derivatives of the sec-
ond order the following identity holds:∫
Q
dq
[
Ψ(q)∇2qΦ(q)−Φ(q)∇2qΨ(q)
]
=
∫
∂Q
dS [Ψ (q)∇qΦ(q)−Φ(q)∇qΨ(q)] .
Substituting Φ(q) = e−iLq and, considering that Ψ(q) = 0
and ∇qΨ(q) = 0 as q ∈ ∂Q, yields
−L2
∫
Q
dqΨ(q)e−iLq =
∫
Q
dqe−iLq∇2qΨ(q). (10)
Similarly, we can write∫
Q
dq
[
∇2qΨ(q)
][
∇2qΦ(q)
]
=
∫
Q
dqΦ(q)∇2q
[
∇2qΨ(q)
]
,
or, in our particular case,
−L2
∫
Q
dq∇2qΨ(q)e−iLq =
∫
Q
dqe−iLq∇4qΨ(q). (11)
Combining Eqs. (10) and (11) together yields the statement
of the Lemma.
4Remark 1 By repeating the steps of the proof one can show
that the integral (9) decays faster than any power of 1/L if
Ψ(q) ∈ C∞0 (R3) is a function that decreases at infinity to-
gether with all its derivatives faster than 1/|q|3.
From here on we will assume that κ > 0. Following the
approach of Grimus and Stockinger [3] we divide the proof
of the first part of the theorem into several steps. Let us start
with the following Lemma:
Lemma 2 Let f (θ ) ∈C4([0,pi ]) and
I(r) =
∫ pi
0
dθ sinθ f (θ )e−ir cos θ . (12)
Then the following asymptotic expansion holds true as r →
∞, r ∈ R:
I(r) =
1
ir
[
eir f (pi)− e−ir f (0)]
+
√
pi
2r3
[ f ′(pi)eir+− f ′(0)e−ir+]
+
1
r2
[
eir fpi(0)− e−ir f0(0)
]
+
√
pi
2r5
{
eir−
[
1
8 f
′(pi)+ f ′pi(0)
]
−e−ir−
[
1
8 f
′(0)+ f ′0(0)
]}
+O
(
1
r3
)
, (13)
where r± = r±pi/4, fpi(θ ) = [ f ′(pi−θ )− f ′(pi)]/sinθ and
f0(θ ) = [ f ′(θ )− f ′(0)]/sinθ .
Integrating Eq. (12) by parts, we obtain
I(r) =
i
r
[
e−ir f (0)− eir f (pi)+ I1(r)
]
,
I1(r) =
∫ pi
0
dθe−ir cosθ f ′(θ ). (14)
Let us split I1(r) into two parts:
I1(r) = I11(r)+ I12(r), (15)
where
I11(r) =
∫ pi/2
0
dθe−ir cosθ f ′(θ ),
I12(r) =
∫ pi/2
0
dθe+ir cosθ f ′(pi−θ ).
By using definition of the function f0(θ ), we get
I11(r) = f ′(0)
∫ pi/2
0
dθe−ir cosθ
+
∫ pi/2
0
dθ sinθ f0(θ )e−ir cosθ . (16)
According to one of the definitions of the Bessel and Struve
functions
J0(z) =
2
pi
∫ pi/2
0
dθ cos(zcosθ ) (17)
and
H0(z) =
2
pi
∫ pi/2
0
dθ sin(zcosθ ), (18)
we can write∫ pi/2
0
dθe−ir cosθ = pi
2
[J0(r)− iH0(r)]
=
√
pi
2r
e−ir− − i
r
+
i
8
√
pi
2r3
e−ir− +O
(
1
r2
)
, (19)
where the well-known formulas for the asymptotics of the
functions (17) and (18) were used. Consider now the second
integral in Eq. (16). Since the function f0(θ ) is thrice differ-
entiable, we can employ integration by parts, which yields∫ pi/2
0
dθ sinθ f0(θ )e−ir cosθ = i
r
[
e−ir f0(0)− f0
(pi
2
)
+
∫ pi/2
0
dθe−ir cosθ f ′0(θ )
]
.
(20)
By introducing the function ξ (θ ) = [ f ′0(θ )− f ′0(0)]/sinθ ,
the right hand part of the last equality can be rewritten as
follows:
i
r
[
e−ir f0(0)− f0
(pi
2
)]
+
i
r
∫ pi/2
0
dθ
[
f ′0(0)e−ir cosθ + sinθe−ir cosθ ξ (θ )
]
. (21)
As the function ξ (θ ) is twice differentiable, we can apply
integration by parts to the corresponding part of the integral
in Eq. (21), after which it becomes obvious that this part
decreases like O(r−2). So, having regard to Eq. (19), the in-
tegral (20) is equal to
i
r
[
e−ir f0(0)− f0
(pi
2
)]
+ i f ′0(0)
√
pi
2r3
e−ir− +O
(
1
r2
)
.
(22)
Substituting Eqs. (22) and (19) into Eq. (16) then yields
I11(r) = f ′(0)
√
pi
2r
e−ir− +
1
ir
[
f ′(0)+ f0
(pi
2
)
− e−ir f0(0)
]
+ i
√
pi
2r3
e−ir−
[
1
8 f
′(0)+ f ′0(0)
]
+O
(
1
r2
)
. (23)
Taking complex-conjugate of Eq. (19) yields
∫ pi/2
0
dθeir cosθ =
√
pi
2r
eir− +
i
r
− i8
√
pi
2r3
eir− +O
(
1
r2
)
.
(24)
5Now we can rewrite the integral I12(r) in terms of the thrice
differentiable function fpi (θ ):
I12(r) = f ′(pi)
∫ pi/2
0
dθeir cosθ +
∫ pi/2
0
dθeir cosθ sinθ fpi(θ ).
(25)
Integrating the second integral in Eq. (25) by parts, we get∫ pi/2
0
dθ sinθ fpi(θ )eir cosθ = i
r
[
fpi
(pi
2
)
− eir fpi(0)
]
− i
r
∫ pi/2
0
dθeir cosθ f ′pi(θ ).
(26)
The expression on the right-hand part of Eq. (26) can be
written in the form
i
r
[
fpi
(pi
2
)
− eir fpi (0)
]
− i
r
∫ pi/2
0
dθ
[
f ′pi(0)eir cosθ + sinθλ (θ )eir cosθ
]
, (27)
where λ (θ ) = [ f ′pi (θ )− f ′pi(0)]/sinθ . Since λ (θ ) is twice
differentiable function, one can apply a partial integration to
the second integral in Eq. (27). This shows that integral (26)
decreases like O(r−2). Now, by substituting Eq. (24) into the
previous expression yields∫ pi/2
0
dθ sinθ fpi(θ )eir cosθ
=
i
r
[
fpi
(pi
2
)
− eir fpi (0)
]
− i f ′pi(0)
√
pi
2r3
eir− +O
(
1
r2
)
and, taking into account Eqs. (24) and (25), we obtain
I12(r) =
√
pi
2r
f ′(pi)eir− + i
r
[
f ′(pi)+ fpi
(pi
2
)
− eir fpi (0)
]
− i
√
pi
2r
eir−
[
1
8 f
′(pi)+ f ′pi(0)
]
+O
(
1
r2
)
. (28)
By substituting Eqs. (23) and (28) into Eq. (15) and using the
explicit form of the functions f0(θ ) and fpi (θ ), we arrive at
the following result:
I1(r) =
√
pi
2r
[ f ′(0)e−ir− + f ′(pi)eir−]
+
i
r
[
e−ir f0(0)− eir fpi(0)
]
+ i
√
pi
2r3
{
e−ir−
[
1
8 f
′(0)+ f ′0(0)
]
−eir−
[
1
8 f
′(pi)+ f ′pi(0)
]}
+O
(
1
r2
)
. (29)
Finally, by substituting Eq. (29) into Eq. (14) we complete
the proof of the Lemma.
From this Lemma it immediately follows the asymptotic
expansions of the integral
Iw(r)≡
∫ pi
0
dθ sinθ sin(wr cosθ ) f (θ )e−ir cos θ
=
1
2i
[I(r−wr)− I(r+wr)] (30)
valid for |w|< 1.
Following Ref. [3] we write J = J1 + J2, where
J1 =
iκ
(4pi)2
∫
S2
dκΦ(κn)e−iκnL,
J2 =
∫ dq
(2pi)3
Φ(q)e−iqL q
2−κ2
(q2−κ2)2 + ε2 ,
S2 is the 2-dimensional unit sphere, q ≡ |q| and n ≡ q/q.
Our objective now is to derive the asymptotic behavior of
the integrals J1 and J2.
2.1 Integral J1(L,κ)
Without loss of generality, we can use the coordinate frame
in which l = (0,0,1) and n = (sinθ cosϕ ,sin θ sinϕ ,cosθ ).
Then, by applying Lemma 1 with r = κL we arrive at the
asymptotic expansion
J1(L,κ) =
g1(L,κ)
2piκL
− g3/2(L,κ)
pi(2piκL)3/2
+
ig2(L,κ)
(2piκL)2
− ipig5/2(L,κ)
(2piκL)5/2
+O
(
1
L3
)
,
in which
g1(L,κ) =
κ
4
[
eiκLΦ(κ,ϕ ,pi)− e−iκLΦ(κ,ϕ ,0)] ,
g3/2(L,κ) =
κ
4
∫ 2pi
0
dϕ
[
e−iρ ∂θ Φ(κ,ϕ ,θ )|θ=0
+eiρ ∂θ Φ(κ,ϕ ,θ )|θ=pi
]
,
g2(L,κ) =
κ
4
∫ 2pi
0
dϕ
[
eiκLΦpi(κ,ϕ ,0)
−e−iκLΦ0(κ,ϕ ,0)
]
,
g5/2(L,κ) =
κ
4
∫ 2pi
0
dϕ
[
e−iρ
(
1
8 ∂θ Φ(κ,ϕ ,θ )|θ=0
+∂θ Φ0(κ,ϕ ,θ )|θ=0
)
−eiρ
(
1
8 ∂θ Φ(κ,ϕ ,θ )|θ=pi
+ ∂θ Φpi (κ,ϕ ,θ )|θ=0
)]
.
Here we introduced the notation
Φ0(κ,ϕ ,θ ) =
∂θ Φ(κ,ϕ ,θ )− ∂θ Φ(κ,ϕ ,θ )|θ=0
sinθ ,
6Φpi(κ,ϕ ,θ ) =
∂ϑ Φ(κ,ϕ ,ϑ)|ϑ=pi−θ − ∂θ Φ(κ,ϕ ,ϑ)|ϑ=pi
sinθ ;
ρ = κL−pi/4 and Φ(κ,ϕ ,θ )≡Φ(κn). Let us prove that
g3/2(L,κ) = g5/2(L,κ) = 0. (31)
For this purpose we consider the integral∫ 2pi
0
dϕ ∂θ Φ(κ,ϕ ,θ )|θ=0
=
∫ 2pi
0
dϕ ∂Φ(κn)∂n
∂n
∂θ
∣∣∣∣
θ=0
=
∫ 2pi
0
dϕ
[∂Φ(κn)
∂nx
cosϕ + ∂Φ(κn)∂ny
sin ϕ
]
θ=0
. (32)
Since nx = ny = 0 as θ = 0, the functions [∂Φ(κn)/∂ni]θ=0
(i = x,z) depend only on κ and nz and thus do not depend on
ϕ and can be factored out the integral. So the integral (32) is
equal to zero. Similar consideration shows that∫ 2pi
0
dϕ ∂θ Φ(κ,ϕ ,θ )|θ=pi = 0.
Next, it can be seen that∫ 2pi
0
dϕ ∂θ Φ0(κ,ϕ ,θ )|θ=0 = 0.
Indeed, by l’Hospital’s rule
∂θ Φ0(κ,ϕ ,θ )|θ=0 =
1
2
[
∂ 3θ Φ(κ,ϕ ,θ )+ ∂θ Φ(κ,ϕ ,θ )
]
θ=0 .
We already proved that the integral in ϕ of the function
Φ(κ,ϕ ,θ )|θ=0 is equal to zero. In similar way, it can be
proved that the integrals of the functions ∂ 3θ Φ(κ,ϕ ,θ )
∣∣
θ=0
and ∂θ Φpi(κ,ϕ ,θ )|θ=0 vanish too. Hence the equations (31)
are proved and, as a result, we obtain
J1(L,κ) =
1
8piL
[
eiκLΦ(κ,ϕ ,pi)− e−iκLΦ(κ,ϕ ,0)]
+
iκ
(4piκL)2
∫ 2pi
0
dϕ
[
eiκLΦpi (κ,ϕ ,0)
−e−iκLΦ0(κ,ϕ ,0)
]
+O
(
1
L3
)
.
2.2 Integral J2(L,κ)
According to Ref. [3], the integral J2 can be split into three
parts: J2 = J21 + J22 + J23, where
J21 =
∫ dq
(2pi)3
e−iqL [Φ(q)−Φ(κn)h(q−κ)]χ1(q,κ),
J22 =
∫ dq
(2pi)3
e−iqLΦ(κn)
[
χ1(q,κ)− χ2(q,κ)q2
]
,
J23 =
∫
S2
dκ
(2pi)3
∫
∞
0
dqe−iqLΦ(κn)h(q−κ)χ2(q,κ);
χ1(q,κ) =
q2−κ2
(q2−κ2)2 + ε2 , χ2(q,κ) =
2κ3(q−κ)
4κ2(q−κ)2 + ε2 ,
and q = |q|. The function h(v) ∈ C∞0 (R) appearing here is
a real-valued even function4 such that 0 ≤ h(v) ≤ 1, ∀v ∈
R, h(v) = 1 for |v| ≤ δ and h(v) = 0 for |v| ≥ η , where
δ and η are real parameters (having dimension of energy)
which satisfy the inequalities 0 < δ < η < κ. It has been
shown in Ref. [3] that, under the conditions of theorem 1,
the functions J21 and J22 decrease like L−2. With Lemma 1
it is easy to verify that, under the conditions of theorem 2,
these functions decrease like L−4, and so only the term J23
contributes into the integral J2. Consequently, according to
Eqs. (30) with w = v/κ, |w|< 1 and (12), the preasymptotic
behavior of J23 is given by
J23(L,κ) =
i j1
(2pi)2κL
+
1
(2pi)5/2
[ i j3/2
(κL)3/2
− j5/2
(κL)5/2
]
+
j2
(2pi)3(κL)2
+O
(
1
L3
)
,
where
j1 = 12
∫ η
−η
dv [A1(v)Φ(κ,ϕ ,pi)−A∗1(v)Φ(κ,ϕ ,0)] ,
j3/2 =
1
2
∫ η
−η
dv
∫ 2pi
0
dϕ
[
A3/2(v) ∂θ Φ(κ,ϕ ,θ )|θ=0
+A∗3/2(v) ∂θ Φ(κ,ϕ ,θ )|θ=pi
]
,
j5/2 =
1
2
∫ η
−η
dv
∫ 2pi
0
dϕ
{
A5/2(v) [∂θ Φ(κ,ϕ ,θ )|θ=0
+ ∂θ Φ0(κ,ϕ ,θ )|θ=0]−A∗5/2(v) [∂θ Φ(κ,ϕ ,θ )|θ=pi
+ ∂θ Φpi(κ,ϕ ,θ )|θ=0]
}
,
j2 = 12
∫ η
−η
dv
∫ 2pi
0
dϕ [A2(v)Φ0(κ,ϕ ,0)
−A∗2(v)Φpi (κ,ϕ ,0)] ;
A1(v) = eiκL
[
cos(vL)− iκ
v
sin(vL)
](
1− v
2
κ2
)−1
h(v),
An/2(v) = e−iρ
κ
4v
[
e−ivL
(
1+ v
κ
)−n/2
−eivL
(
1− v
κ
)−n/2]
h(v) (n = 3,5),
A2(v) = e−iκL
[
cos(vL)+ i
κ
v
(
1+ v
2
κ2
)
sin(vL)
]
×
(
1− v
2
κ2
)−2
h(v).
4A simple example of such a function at v ∈ supp(h) is
h(v) = exp
{
4− (1−aη +a|v|)−2
[
1− (1−aη +a|v|)2
]−1}
,
where a = (1−1/√2)/(η −δ )> 0.
7The terms j3/2 and j5/2 are in fact nulls, since they are linear
combinations of the vanishing integrals∫ 2pi
0
dϕ ∂θ Φ(κ,ϕ ,θ )|θ=0 ,
∫ 2pi
0
dϕ ∂θ Φ(κ,ϕ ,θ )|θ=pi ,∫ 2pi
0
dϕ ∂θ Φ0(κ,ϕ ,θ )|θ=0 ,
∫ 2pi
0
dϕ ∂θ Φpi(κ,ϕ ,θ )|θ=0 .
The terms containing the factors proportional to cos(vL) and
vsin(vL) decrease faster than any power of 1/L, according
to the following classical Lemma (proved, e.g., in Ref. [41,
p. 95]):
Lemma 3 (localization principle) Let S(x)∈C∞(R), f (x) ∈
C∞0 (R) and S′(x) 6= 0, ∀x ∈ R. Then∫
∞
−∞
dx f (x)exp [iλ S(x)] =O(λ−∞) as λ →+∞.
Considering now that
lim
L→∞
sin(vL)
piv
= δ (v)
and the finite L correction to the δ function is proportional
to the integral∫
∞
−∞
dv
[
h(v)
(
1− v
2
κ2
)−1
− 1
]
sin(vL)
v
(which, according to Lemma 3, decreases faster than any
power of 1/L), we can write:
J23(L,κ) =
1
8piL
[
e−iκLΦ(κ,ϕ ,0)+ eiκLΦ(κ,ϕ ,pi)
]
+
iκ
(4piκL)2
∫ 2pi
0
dϕ
[
e−iκLΦ0(κ,ϕ ,0)
+eiκLΦpi(κ,ϕ ,0)
]
+O
(
1
L3
)
.
So that to obtain J(L,κ) we only have to sum up the terms
J1(L,κ) and J23(L,κ); the result is
J(L,κ) = eiκL
[
Φ(−κl)
4piL +
i
8(piκL)2
∫ 2pi
0
dϕΦpi(κ,ϕ ,0)
+O
(
1
L3
)]
. (33)
Taking into account the definition of the function Φpi we get∫ 2pi
0
dϕΦpi(κ,ϕ ,0)
= −pi
(
∂ 2
∂n2x
+
∂ 2
∂n2y
+ 2 ∂∂nz
)
Φ (κn)
∣∣∣∣∣
θ=pi
= −piκ2
(
∂ 2
∂q2x
+
∂ 2
∂q2y
+
2
|q|
∂
∂qz
)
Φ (q)
∣∣∣∣∣
q=−κl
.
Now, by combining the last equality with Eq. (33), perform-
ing the back-rotation to the original coordinate system and
having regard to the rotation invariance of Φ , we arrive at
the statement of the theorem.
3 The higher-order corrections
The necessary condition for validity of the asymptotic for-
mula (8) is obvious but, as it was already mentioned in sec-
tion 1, theorem 2 does not yet provide the necessary condi-
tion for the ISL breakdown, since the relative O(L−1) cor-
rection is imaginary if the function Φ(q) is real-valued, as is
actually the case in the models dealing with quasistable ex-
ternal wave-packets. For example, in the above-mentioned
CRGP model of Ref. [30]
Φ(q) =
exp
[
−1
4
(
ℜ˜µνs ∆−µ ∆−ν + ℜ˜
µν
d ∆+µ ∆+ν
)]
(4pi)4
√|ℜs||ℜd | , (34)
where ∆∓ = q∓ qs,d and the so-called inverse overlap ten-
sors ℜ˜s,d (which define the effective space-time overlap vol-
umes of the external wave packets κ) are expressed in terms
of the most probable 4-velocities uκ = pκ/mκ and momen-
tum spreads σκ of the packets:
ℜ˜µνs,d =
(∣∣∣∣∣∣ℜµνs,d ∣∣∣∣∣∣−1)µν , ℜµνs,d = ∑
κ∈S,D
σ2κ (u
µ
κu
ν
κ− gµν) .
(35)
The summation in the last formula is over the sets S and D
of the in and out wave packets in the source and detector
vertices of the macrodiagram describing the process. The
explicit formulas for the overlap tensors are given in Ap-
pendix 1. Substituting Eq. (34) into Eq. (8) and neglecting
the 4-momentum dependence of the W -boson propagators
(exact in the 4-fermion approximation) as well as the terms
of the order of 1/(κL) (small under any circumstance, see
Eq. (6)) it can be shown that the leading correction term in
Eq. (8) is proportional to iκ/(σeffL)2, where
σ−2eff =
1
4
3
∑
i, j=1
(
ℜ˜i js + ℜ˜i jd
)
(δi j − lil j) . (36)
In particular, in the coordinate frame in which l = (0,0,1),
the inverse squared effective momentum spread (36) is given
by the relation
σ−2eff =
1
4
(
ℜ˜11s + ℜ˜22s + ℜ˜22d + ℜ˜22d
)
, (37)
which clarifies the dependence of the spatial scale L0 de-
fined by Eq. (7) on the 4-velocities and momentum spreads
of the external wave packets. It is in particular seen that L0
depends only on the transverse (with respect to the neutrino
propagation direction l) components of the inverse overlap
tensors.
In the general case, with a real-valued function Φ(q), the
function |J(L,κ)|2 still behaves as L−2 [1+O(L−2)] and in
order to estimate the O(L−2) term, one needs to calculate at
least the second-order correction to the GS asymptotics. In
8this section, we consider a development of the method used
in Ref. [36]. The method allows us to derive the asymptotic
expansion for the integral (2) (as L→∞), whilst under more
restrictive conditions on the function Φ(q) than those spec-
ified in theorem 2.
Namely, we will suppose that Φ(q)∈ S(R3). Then Φ(q)
can be expressed in terms of the Fourier integral
Φ(q) =
∫
dxeiqxΦ˜(x) (38)
and hence
J(L,κ) =
∫
dxΦ˜(x)I(x−L,κ), (39)
where
I(z,κ) =
∫ dq
(2pi)3
eiqz
q2−κ2− iε
=
1
(2pi)2
∫
∞
0
dqq2
q2−κ2− iε
∫ pi
0
dθ sinθeiqzcosθ
=
1
iz(2pi)2
∫
∞
−∞
dqqeiqz
q2−κ2− iε =
eiκz
4piz
.
The order of integration in Eq. (39) was interchanged and
the last equality was obtained by applying the residue theo-
rem. Thus
J(L,κ) =
∫ dx
4pi
eiκ|L−x|Φ˜(x)
|L− x| . (40)
By expanding the function eiκ|L−x|/|L− x| in Eq. (40) in
powers of 1/L (or, equivalently, in powers of the scalar vari-
ables (lx) and (l×x)2) we obtain after cumbersome but rou-
tine calculations:
J(L,κ) = e
iκL
4piL
∫
dxΦ˜(x)e−iκ(lx)
∞
∑
k=0
k
∑
n=0
[ k−n2 ]
∑
m=0
Dknm(x)
Lk
κn
4n
,
(41)
where
Dknm(x) = (−1)mincknm(l× x)2(n+m)(lx)k−n−2m. (42)
The coefficients cknm in Eq. (42) are positive numbers. It
is difficult to develop a general expression for these coeffi-
cients but it is an easy matter to derive cknm for moderately
large values of k sufficient for all practical applications. In
particular, for k ≤ 6 the coefficients are
c000 = 1; c100 = 1, c110 = 2;
c200 = 1, c201 =
1
2
, c210 = 4, c220 = 2;
c300 = 1, c301 =
3
2
, c310 = 6, c311 =
3
2
,
c320 = 6, c330 =
4
3;
c400 = 1, c401 = 3, c402 =
3
8 , c410 = 8, c411 = 6,
c420 = 12, c421 = 2, c430 =
16
3 , c440 =
2
3;
c500 = 1, c501 = 5, c502 =
15
8 , c510 = 10, c511 = 15,
c512 =
5
4 , c520 = 20, c521 = 10, c530 =
40
3 , c531 =
5
3 ,
c540 =
10
3 , c550 =
4
15;
c600 = 1, c601 =
15
2
, c602 =
45
8 , c603 =
5
16 , c610 = 12,
c611 = 30, c612 =
15
2
, c620 = 30, c621 = 30, c622 =
15
8 ,
c630 =
80
3 , c631 = 10, c640 = 10, c641 = 1, c650 =
8
5 ,
c660 =
4
45 .
Finally, by applying the identity
∇qΦ(q) = i
∫
dxxeiqxΦ˜(x)
which follows from Eq. (38), and interchanging the inte-
gration and summation5 in Eq. (41), we arrive at the final
asymptotic expansion for the integral (2):
J(L,κ) = e
iκL
4piL
∞
∑
k=0
k
∑
n=0
[ k−n2 ]
∑
m=0
(−i)k
Lk
(κ
4
)n
[DknmΦ(q)]q=−κl ,
(43)
where
Dknm =Dknm (−i∇q)
= (−1)mcknm (l×∇q)2(n+m) (l∇q)k−n−2m . (44)
Assuming that the function Φ(q) is real-valued, the neces-
sary conditions when the remainder after k = 2k′ terms in
Eq. (43) can be neglected are
L2 ≫
∣∣∣∣Ak+2−ςAk−ς
∣∣∣∣ , Ak = k∑
n=0
[ k−n2 ]
∑
m=0
(κ
4
)n
[DknmΦ(q)]q=−κl ,
where ς = 0,1. It is seen that the leading order (∝ L−2) cor-
rection in Eq. (43) coincides with that in Eq. (8) and (con-
sidering the identity (l×∇q)2 = ∇2q− (l∇q)2) with that ob-
tained in Ref. [36].
As we have mentioned in section 1, in realistic models
for the external wave packets with small momentum spreads
σκ, the (real-valued) function F(q) appearing in Eq. (1) be-
haves like a “smeared” 8-fold δ -function (times a smooth
5We do not discuss the legitimacy of this interchange.
9factor) converging to const ·δ (q− qs)δ (q+ qd) as σκ → 0,
∀κ; an example is given by Eq. (34). Let us now limit our-
selves to the case of light neutrinos with the masses m = mi
(i = 1,2, . . .) satisfying the ultrarelativistic conditions
(q0s )
2 ≈ (q0d)2 ≫ m2i .
After substituting Eqs. (43) and (44) into Eq. (1), the re-
maining integration in variable q0 can be performed by the
saddle-point method and the corresponding stationary point
of the integrand can be expressed as a Taylor series in pow-
ers of (m2i /q0s )2 with the leading-order term approximately
equal to q0s . As a result, the functions
J(L,κ) = 4pie−iκLJ(−L,κ)
(with Φ(q)≡ F(q)|q=−κl) for each neutrino mass are es-
sentially equal to each other and, moreover, they can be
pulled out of the integral (1) in the point κ= q0s ≈ q0d . There-
fore the integral (1) is to a good precision proportional to
the universal (neutrino mass independent) function J(L,q0s )
and the squared absolute value of the full amplitude is thus
proportional to |J(L,q0s )|2. Note that, in this approximation,
the corrections to the GS asymptotics do not change the neu-
trino oscillation pattern, including the field-theoretical deco-
herence effects which become essential at large distances. It
is easy to prove that
|J(L,κ)|2 =
∞
∑
k=1
2(k−1)
∑
n=0
Cknκn
L2k
=
1
L2
[
Φ2(κl)+
∞
∑
k=1
2k
∑
n=0
Ck+1,nκn
L2k
]
. (45)
The series in the right-hand part of Eq. (45) describes the de-
viation from the classical ISL in the neutrino-induced event
rate at short distances satisfying however the necessary con-
ditions
L2 ≫
∣∣∣∣∣ 2k∑
n=0
Ck+1,nκn
/2(k−1)
∑
n=0
Cknκn
∣∣∣∣∣
which restrict the range of validity of the truncated asymp-
totic series. Using the coefficients cknm derived above for
k ≤ 6 allow us to calculate the low-order coefficient func-
tions Ckn =Ckn(κ, l) for k ≤ 3. We obtain
C10 = f 2;
C20 = f f20− 2 f f02 + f 201, C21 = f20 f01− 2 f f21,
C22 =
1
4
( f 220− f f40) ;
C30 =
(
3
4
f40− 6 f22 + 2 f04
)
f +(3 f21− 2 f03) f01
+
(
f02− 12 f20
)2
,
C31 = (4 f23− 3 f41) f +
(
1
2
f20 + 2 f02
)
f21
+ 3
(
1
4
f40− f22
)
f01− f20 f03,
C32 =
1
4
( f40− 6 f22) f20 + 14 f02 f40 +
1
4
(6 f42− f60) f
− 3
4
f01 f41 + f 221,
C33 = − 124 (9 f41 f20 + f60 f01− 4 f f61− 6 f40 f21) ,
C34 =
1
192
( f f80 + 3 f 240− 4 f20 f60) ;
where
fi j = (l×∇q)i (−l∇q) j Φ(q)
∣∣∣
q=κl
, f ≡ f00 = Φ(κl).
4 The ISL violation
By using the CRGP model of Ref. [30] and taking into ac-
count Eq. (45), one can derive the formula for the event rate
in the detector. The formula for the rate has exactly the same
form as Eq. (4) with the only major difference that now
dFν ∝
1
|y− x|2
[
1+ ∑
n≥1
Cn
|y− x|2n
]
, (46)
where the coefficients Cn are defined as
Cn = 2(−1)n
[
n
∑
k=1
(−1)kCkC2n−k +C2n
]
−C2n,
Ck =
k
∑
n=0
[ k−n2 ]
∑
m=0
(κ
4
)n [DknmΦ(q)
Φ(q)
]
q=Eν l
.
The series in the right-hand part of Eq. (46) obviously leads
to a deviation from the inverse-square law.
It is worth to note that such deviation can be physically
interpreted in a different and more transparent way, by ex-
ploiting the concept of a duality between the propagator and
wave-packet descriptions of the neutrino production and de-
tection process. Namely, the corrections to the GS asymp-
totics can be treated as a change of probabilities of neutrino
production and detection. This interpretation is briefly de-
scribed in Appendix 2.
In the domain of applicability of the asymptotic expan-
sion (45), the sign of this deviation is governed by the sign
of the leading coefficient
C1 = C
2
1− 2C2
=
1
f 2
[
f 201 + f ( f20− 2 f02)+ ( f20 f01− 2 f f21)Eν
+
1
4
( f 220− f f40)E2ν].
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It is not easy to determine this sign in the most general
case. The physical range of applicability of the series (43),
(45), and (46) crucially depends on the model of the ex-
ternal wave packets which defines the explicit form of the
function F(q) and thereby the scale of the ISL breakdown.
Moreover, in a real environment, the potentially observable
effects are dependent on the reactions (particle content and
dynamics) in the source and detector vertices, on the statisti-
cal distributions of the in-packets over configuration space,
phase space, polarizations, etc., and on many other experi-
mental circumstances. Without specification of all these de-
tails, one can do no more than speculate on feasible man-
ifestation of the ISL breakdown. Nevertheless, from a de-
tailed numerical analysis of the simplest particular subpro-
cesses 1 → 2, 1 → 3 and 2 → 2 (for which purpose the
general formulas, obtained within the CRGP model were
used, see Appendix 1) we observed that C1 < 0 either ev-
erywhere or at least in the essential region of the physical
phase space of these subprocesses. Under the assumption
that this is the case for the real-world experimental envi-
ronment, in the range of applicability of the asymptotic se-
ries (46) the ISL violation leads to a decrease in the neu-
trino event rate (4). Our numerical analysis shows that the
scope of ISL violation is actually defined by the scale pa-
rameter (7), which varies within very wide limits and can
become macroscopically large for the appropriate combina-
tion of the neutrino energy and momentum spreads σκ of the
external wave packets. Since the real value of the ISL cor-
rections drastically depends on the momentum distributions
of the external particles and dynamics of their interactions,
this value cannot be predicted without a knowledge of this
environment.
Considerable recent attention has been focused on the
hypothesis of light sterile neutrinos with eV-range masses.
One of the reasons for the interest in this hypothesis is a
statistically significant deficit of the count rates of electron
neutrinos from intense radioactive sources used for calibra-
tion of the Ga-Ge solar neutrino detectors GALLEX [42–44]
and SAGE [45–47] (with the typical L of about 0.5–2 m)
and a deficit (at more than two standard deviation signifi-
cance) in the measured capture rate of electron antineutrinos
from nuclear fission, revealed after a recent re-analysis of
the past SBL (8 m . L . 100 m) reactor experiments [38–
40, 48–51]. Both these anomalies are compatible with the
mixing between the standard active and eV-scale sterile neu-
trinos that allow some of the electron (anti)neutrinos from
the source to “disappear” avoiding their interaction with the
detector [52–56]. There is and yet a number of results com-
ing from accelerator experiments which disfavor this inter-
pretation at least within the simplest “3+1” four-neutrino
scheme (for the recent reviews, see, e.g., Refs. [55, 57]).
Moreover, the additional light neutrino species seem to be in
some conflict with the minimal ΛCDM cosmological model
[57–59] and potentially with the recent high-precision data
from the medium baseline reactor experiments Daya Bay
[60, 61] and RENO [62] operating at the distances longer
than about 400 m (see, however, the recent analyses [63–65]
and references therein). The described controversial situa-
tion suggests to investigate alternative (or complimentary)
explanations of the intriguing anomalies in the gallium and
reactor experiments.
The ISL violation provided by high-order corrections to
the GS asymptotics seems to be an attractive alternative ex-
planation of the one or even both of these anomalies, since
it does not require any “new physics” and can, with rea-
sonable facility, be tested experimentally. In particular, the
SBL experiments (both completed and currently underway)
to search for the light sterile neutrinos with the reactor and
accelerator (anti)neutrino beams, including the experiments
with intense β -active sources (see, e.g., Refs. [66–73] and
also Refs. [74, 75] for reviews and further references) are
trivially adaptable to test the ISL violation effects. The ex-
pected signatures of the sterile neutrino and ISL violation
are quite different. First of all, the ISL violation effect does
not affect the measured event rate at the distances L ≫ L0,
while the sterile neutrinos with the eV-scale masses lead to
a decrease in the event rate at any distance longer than the
corresponding oscillation length and the relative effect (de-
fined as the ratio of the averaged survival probabilities of
electron (anti)neutrino in the 3ν and 4ν mixing schemes)
becomes nearly independent of L at distances above 50−
100 m (see, e.g., Ref. [55]). Next, in the not too short base-
line region, where the asymptotic series (46) is presumably
approximated by the leading term, the ISL violation effect
is given by the very simple factor
1−L20/L2,
where L0 ∼ 〈L0〉 is a neutrino energy dependent parame-
ter of dimension of length. This behavior is quite distin-
guishable from the oscillation pattern expected in the typ-
ical active-sterile neutrino mixing scenarios. But of course
the signature of the ISL violation will be more intricate if it
takes place together with the sterile neutrino contribution.
By using the available SBL reactor data it is easy to es-
timate that if, indeed, the ISL violation is responsible for
the reactor anomaly either totally or partially (i.e. in paral-
lel with the light sterile neutrinos) the parameter L0 should
be of the order of 2− 4 m, which (very roughly) corre-
sponds to the effective momentum spread, σeff, of the order
of 0.1− 10 eV.6 If this is the case, then the ISL violation
is essentially unobservable at L & 100 m and thus it does
not at all interfere with the usual three-flavour oscillations.
6A more definitive estimate is not feasible for the moment, considering
that the function σeff varies within wide limits over the phase spaces
of the nuclear fission (νe-produced) processes in the power reactor and
the inverse β -decay reaction in the detector.
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If however it is relevant to the gallium (rather than reactor)
anomaly, the parameter L0 should be much smaller. At the
same time it must be emphasized that the gallium anomaly
generally requires more complicated analysis, considering
that in the typical calibration experiments the “source” and
“detector” dimensions are compatible with each other as
well as with the distance between them and thus the sim-
plified formula (4) is definitely too rough approximation.
Moreover, the asymptotic series (46) can be, and most prob-
ably is, inapplicable to so short distances. Any case, best
suited experiments for investigating the possible ISL vio-
lation effect would be the experiments with variable short
or very short baseline, holding the latter to be nonetheless
sufficiently large in comparison with the dimensions of the
source and detector.
5 Conclusions
In this work the extended GS theorem is proved and the
next-to-leading correction to the GS asymptotics are found
in terms of an asymptotic expansion of the generalized neu-
trino propagator (and thus the neutrino flavor transition am-
plitude) in powers of 1/L. It is argued that within the domain
of applicability of the asymptotic series (43) and (45), the
power corrections do not affect the flavor transition proba-
bility but can lead to a measurable violation of the classical
inverse-square law for the neutrino flux. The possibility is
discussed that this violation has already appeared in the past
reactor or Ga-Ge (anti)neutrino experiments. This hypothe-
sis can be tested in the dedicated short or very short baseline
experiments with nuclear fission reactors or radioactive neu-
trino sources.
Acknowledgements This work was supported by the Federal Target
Program “Scientific and Scientific-Pedagogical Personnel of the Inno-
vative Russia” under Contract No. 2012-1.5-12-000-1011-008. The au-
thors would like to thank Z. G. Berezhiani, S. E. Korenblit, and espe-
cially D. V. Naumov (who was the active partner in the early stages of
this research) for very useful suggestions, comments and criticisms.
Appendix 1. Inverse overlap tensors.
The higher order corrections are rather involved but, within
the CRGP model for the external wave packets, they are con-
structed from the spatial components of inverse overlap ten-
sors ℜ˜µνs and ℜ˜µνd defined by Eqs. (35). Here we write down
the explicit expressions for these components. It is proved
that for arbitrary lepton number violating processes
Is⊕ Id → Fs⊕Fd (47)
(where Is and Id denote the sets of incoming wave packets
in the source and detector vertices, respectively; and, sim-
ilarly, Fs and Fd denote the sets of outgoing wave packets
which include charged leptons) the components of the in-
verse overlap tensors can be written as
ℜ˜µνs,d =
1
|ℜs,d | ∑a,b,c∈S,Dσ
2
a σ
2
b σ
2
c I
abc µν
s,d ,
where
Iabc00s,d =
[
ΓaΓb− 13(uaub)
]
(ubuc)(ucua)
+
1
2
Γ 2a
[
1− (ubuc)2
]
+
1
3 ,
Iabc0is,d =
1
2
Γc
[
(uaub)
2uci− uci− 2(uaub)(ubuc)uai
+2(uauc)uai]−Γb(uaub)uai,
I
abci j
s,d = ΓaΓb [(ucua)(ucub)− (uaub)]δi j
+
1
2
(
Γ 2c − 1
)[
1− (uaub)2
]
δi j
+ {Γc [Γa(ubuc) +Γb(ucua)−Γc(uaub)]−ΓaΓb
+(uaub)}uaiub j +Γb [Γb−Γa(uaub)]uciuc j,
|ℜs,d |= ∑
a,b,c,d∈S,D
σ2a σ
2
b σ
2
c σ
2
d
{
1
3 [(uaub)(ubuc)(ucua)− 1]
− 1
2
ΓaΓb(uaub)
[
(ucud)
2− 1]
+ΓaΓb(ucua) [(ucud)(udub)− (ubuc)]
+
1
6Γ
2
d
[
3(ubuc)2− 2(uaub)(ubuc)(ucua)− 1
]}
;
the symbols S= Is⊕Fs and D= Id⊕Fd denote the sets of the
in and out packets in the source and detector vertices, respec-
tively; ua = pa/ma = (Γa,ua) and Γa are the (most probable)
4-velocity and Lorentz factor of the packet a, respectively.
It can be verified that the determinant |ℜs,d | is invariant and
ℜ˜µνs,d transforms as a tensor under Lorentz transformations.
Note that the above formulas were derived without taking
into account the energy-momentum conservation.
As the simplest illustration, we consider here the partic-
ular case: the two-particle decay a → ℓ+ ν∗ in the source,
where ℓ is a charged lepton and ν∗ is a virtual (anti)neutrino
with definite mass. In this case
ℜ˜µνs =
{
σ4a u
µ
a u
ν
a +σ
4
ℓ u
µ
ℓ u
ν
ℓ −σ2a σ2ℓ
{
gµν
[
(uauℓ)
2− 1]
−(uauℓ)(uµa uνℓ + uµℓ uνa )
}}
×{σ2a σ2ℓ (σ2a +σ2ℓ )[(uauℓ)2− 1]}−1 .
This simple expression can also be used for estimations of
the inverse overlap tensors for more involved reactions and
decays in the case of strong hierarchy between the momen-
tum spreads σκ . Let us mention, in passing, that the inequal-
ity C1 < 0 (see Sect. 4) holds over the whole phase space of
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the two-particle decay into real (on-shell) neutrino, assum-
ing exact energy-momentum conservation. The correspond-
ing contribution to the inverse squared effective momentum
spread (37) is then given by the following expression:
1
4
(
ℜ˜11s + ℜ˜22s
)
=
K
(2E⋆ν)
2
(
m2a
σ2a
+
m2ℓ
σ2ℓ
)
+
1
2
(
σ2a +σ
2
ℓ
) ,
in which
K =
(
1− E
−
ν
Eν
)(
E+ν
Eν
− 1
)
,
E±ν = E⋆νΓa(1± |va|) are the kinematic boundaries of Eν ,
E⋆ν =
(
m2a−m2ℓ
)
/(2ma) is the neutrino energy in the rest
frame of the decaying particle a, and va is the velocity of
a. The neutrino mass has been neglected in derivation. The
kinematic factor K varies within wide limits at relativistic
energies but vanishes when the particle a is at rest. For the
median neutrino energy, Eν = Eν = (E+ν +E−ν )/2 = E⋆νΓa,
K = |va|2 = 1−
(
E⋆ν/Eν
)2
.
Appendix 2: Effective neutrino wave packet
Here we consider some kind of dualism between the prop-
agator and effective wave-packet approaches. Namely we
show that in the asymptotic regime L → ∞, the general-
ized neutrino Green function (1) can be represented as a
product of outgoing and incoming effective wave functions
of the on-mass-shell neutrino. Below, we use the results of
Ref. [30] (obtained within the CRGP model) but with a dif-
ferent and – as we believe – more adequate interpretation
which, in particular, allows us to get another look at the cor-
rections to the GS asymptotic.
Let us consider the factor
1
L
e−Ω(T,L)P− (pˆν +m)P+ (48)
originated in the full amplitude after applying the GS the-
orem 1 to Eq. (1) and using the saddle-point integration in
variable q0 [30]. Here
Ω(T,L) = i(pν X)+
2D2
E2ν
[
(pνX)2−m2X2
]
, (49)
pν = (Eν ,pν) is the mean neutrino 4-momentum (pν ≈ Eν l
in the ultrarelativistic case) and P±= 12 (1±γ5) are the chiral
projectors involved into the Standard Model amplitude. The
4-vector X = (X0,X) = Xd − Xs is the difference between
the so-called impact points Xs and Xd which determine the
coordinates of the space-time overlap regions of the external
wave packets in the source and detector vertices; note that
X = L = Ll and X0 = T (see Ref. [30] for more details). The
function D, which can be treated as the uncertainty of the
virtual neutrino energy, is defined by
1
D2
=
[
d2 lnF(q)
dq20
]
q=qst0
≃ 2
(
ℜ˜µνs + ℜ˜
µν
d
)
lµ lν
[
1+O
(
m2
E2ν
)]
, (50)
where qst0 ≈ Eν is the stationary point. So, in the first ap-
proximation the function D does not depend on the neutrino
mass and in the coordinate frame where l = (0,0,1) is de-
termined by the 00, 03 and 33 components of the inverse
overlap tensors. By applying the identity
P− (pˆν +m)P+ = P−u(pν)u(pν )P+,
in which u(pν) is the usual Dirac bispinor for a free ultra-
relativistic left-handed neutrino, we can rewrite Eq. (48) as
follows
u(pν )
e−Ω(T,L)
L
u(pν ) =
ψXd (pν ,Xs−Xd)ψXs(pν ,Xd −Xs)
|Xd −Xs|
,
(51)
where
ψy(pν ,x) = exp
{
−i(pνy)−D
2
E2ν
[
(pνx)2−m2x2
]}
u(pν)
≡ Ξy(pν ,x)u(pν)
and
ψy(pν ,x) =ψ†y(pν ,x)γ0 = u(pν )Ξ ∗y (pν ,x).
Let us now compare the function ψy(pν ,x) with the wave
function
ψy(p,s,x) = 〈0|Ψ(x)|p,s,y〉 (52)
describing a generic fermion wave packet |p,s,y〉 in the co-
ordinate representation (here Ψ(x) is the free fermion field
and s is the spin projection). Within the CRGP approxima-
tion, valid under the conditions
σ2 ≪m2, σ4(px)2 ≪m4, σ4 [(px)2−m2x2]≪m4,
the function (52) is [30]
ψy(p,s,x) ≈ us(p)exp
{
−i(py)− σ
2
m2
[
(px)2−m2x2]} .
We see therefore that the spinor multiplierψXd (pν ,Xs−Xd)
in Eq. (51) can be interpreted as the wave function describ-
ing the wave packet of a real (on-shell) neutrino incoming to
the detector, while the multiplierψ†Xs(pν ,Xd−Xs)/|Xd−Xs|
can naturally be treated as the spherical wave function of the
same neutrino packet escaping the source. From this inter-
pretation it in particular follows that the effective neutrino
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momentum spread, σν = mD/Eν , is not a constant but an
invariant function of the neutrino energy as well as of the
mean momenta, masses, and momentum spreads of the ex-
ternal wave packets; due to the factor m/Eν it is extremely
small in all realistic situations. The main distinctive feature
of the effective neutrino wave packet from the conventional
quantum-mechanical wave packets is that it depends on both
the source and detector variables. Therefore the duality un-
der discussion should not be understood in a literal sense.
The case becomes even more complicated when one takes
into account the higher-order corrections to the GS asymp-
totics. These corrections yield an additional factor
Σ = 1+
∞
∑
k=1
ak
Lk
(53)
with the complex-valued coefficient functions ak dependent
on the contributions from both the source and detector. Ex-
cept for very special or trivial cases (when, i.g., one of the
contributions is negligible) the functions ak cannot be fac-
torized to the product of the source and detector dependent
multipliers. Therefore, if the spacing between the impact
points is short the incoming and outgoing neutrino wave
packets are not yet separated from each other as it is the
case at the asymptotically large distances. In other words,
the duality between the propagator and wave-packet treat-
ments is destroyed at short distances and such a case cannot
be adequately described in terms of the asymptotically free
in and out neutrino wave packets.
Considering now that the modulus-squared full ampli-
tude incorporates the factors |ΞXs |2 and |ΞXd |2 which rep-
resent (up to a normalization) the probability densities to
obtain the in and out neutrino wave packets near the corre-
sponding impact points in the source and detector, we con-
clude that the factor |Σ |2 affects both these densities or, to
put this another way, at relatively short distances between
the impact points the factor |Σ |2 changes the probabilities of
neutrino production and detection.
It is important to note that, in contrast with the function
D, the coefficient functions ak include the components ℜ˜11s,d
and ℜ˜22s,d transversal with respect to the neutrino momentum
direction l = (0,0,1) (see Eq. (37) as the simplest example).
These components are not suppressed by the Lorentz factor
Eν/m and thus the ISL violation effect can be large even for
massless neutrinos.
References
1. C. Giunti, C.W. Kim, Fundamentals of neutrino physics
and astrophysics (Oxford University Press, 2007)
2. C. Giunti, C.W. Kim, J.A. Lee, U.W. Lee, Phys. Rev. D
48, 4310 (1993), arXiv:hep-ph/9305276 [hep-ph]
3. W. Grimus, P. Stockinger, Phys. Rev. D 54, 3414
(1996), arXiv:hep-ph/9603430
4. S. Mohanty (1997), arXiv:hep-ph/9706328
5. C. Giunti, C.W. Kim, U.W. Lee, Phys. Lett. B 421, 237
(1998), arXiv:hep-ph/9709494
6. J.E. Campagne, Phys. Lett. B 400, 135 (1997)
7. K. Kiers, N. Weiss, Phys. Rev. D 57, 3091 (1998),
arXiv:hep-ph/9710289
8. M. Zrałek, Acta Phys. Polon. B 29, 3925 (1998),
arXiv:hep-ph/9810543
9. A. Ioannisian, A. Pilaftsis, Phys. Rev. D 59, 053003
(1999), arXiv:hep-ph/9809503
10. W. Grimus, P. Stockinger, S. Mohanty, Phys. Rev. D 59,
013011 (1999), arXiv:hep-ph/9807442
11. W. Grimus, S. Mohanty, P. Stockinger (1999),
arXiv:hep-ph/9909341
12. W. Grimus, S. Mohanty, P. Stockinger, Phys. Rev. D 61,
033001 (2000), arXiv:hep-ph/9904285
13. C.Y. Cardall, D.J.H. Chung, Phys. Rev. D 60, 073012
(1999), arXiv:hep-ph/9904291
14. C.Y. Cardall, Phys. Rev. D 61, 073006 (2000),
arXiv:hep-ph/9909332
15. M. Beuthe (2000), arXiv:hep-ph/0010054
16. M. Beuthe, Phys. Rept. 375, 105 (2003), arXiv:hep-
ph/0109119
17. M. Beuthe, Phys. Rev. D 66, 013003 (2002), arXiv:hep-
ph/0202068
18. C. Giunti, JHEP 11, 017 (2002), arXiv:hep-ph/0205014
19. M. Garbutt, B.H.J. McKellar (2003), arXiv:hep-
ph/0308111
20. A. Asahara, K. Ishikawa, T. Shimomura, T. Yabuki,
Prog. Theor. Phys. 113, 385 (2005), arXiv:hep-
ph/0406141
21. A.D. Dolgov, O.V. Lychkovskiy, A.A. Mamonov, L.B.
Okun, M.V. Rotaev, M.G. Schepkin, Nucl. Phys. B 729,
79 (2005), arXiv:hep-ph/0505251
22. C.C. Nishi, Phys. Rev. D 73, 053013 (2006), arXiv:hep-
ph/0506109
23. E.Kh. Akhmedov, J. Kopp, M. Lindner, JHEP 05, 005
(2008), arXiv:0802.2513 [hep-ph]
24. V.A. Naumov, D.V. Naumov, Russ. Phys. J. 53, 549
(2010)
25. J. Kopp, JHEP 06, 049 (2009), arXiv:0904.4346 [hep-
ph]
26. E.Kh. Akhmedov, A.Yu. Smirnov, Yad. Fiz. 72, 1417
(2009), arXiv:0905.1903 [hep-ph]
27. B.D. Keister, W.N. Polyzou, Phys. Scripta 81, 055102
(2010), arXiv:0908.1404 [hep-ph]
28. A.E. Bernardini, M.M. Guzzo, C.C. Nishi, Fortsch.
Phys. 59, 372 (2011), arXiv:1004.0734 [hep-ph]
29. C. Anastopoulos, N. Savvidou (2010), arXiv:1005.4307
[quant-ph]
14
30. D.V. Naumov, V.A. Naumov, J. Phys. G 37, 105014
(2010), arXiv:1008.0306v2 [hep-ph]
31. E.Kh. Akhmedov, A.Yu. Smirnov, Found. Phys. 41,
1279 (2011), arXiv:1008.2077 [hep-ph]
32. E.Kh. Akhmedov, J. Kopp, JHEP 04, 008 (2010),
arXiv:1001.4815 [hep-ph]
33. T.R. Morris, J. Phys. G 39, 045010 (2012),
arXiv:1110.3266 [hep-ph]
34. E.Kh. Akhmedov, D. Hernandez, A.Yu. Smirnov, JHEP
04, 052 (2012), arXiv:1201.4128 [hep-ph]
35. E.Kh. Akhmedov, A. Wilhelm, JHEP 01, 165 (2013),
arXiv:1205.6231 [hep-ph]
36. S.E. Korenblit, D.V. Taychenachev (2013),
arXiv:1304.5192 [hep-th]
37. C. Giunti, M. Laveder, Phys. Rev. C 83, 065504 (2011),
arXiv:1006.3244 [hep-ph]
38. G. Mention, M. Fechner, Th. Lasserre, Th.A. Mueller,
D. Lhuillier et al., Phys. Rev. D 83, 073006 (2011),
arXiv:1101.2755 [hep-ex]
39. Th.A. Mueller, D. Lhuillier, M. Fallot, A. Letourneau,
S. Cormon et al., Phys. Rev. C 83, 054615 (2011),
arXiv:1101.2663 [hep-ex]
40. P. Huber, Phys. Rev. C 84, 024617 (2011),
arXiv:1106.0687 [hep-ph]
41. M.V. Fedoryuk, Metod perevala (Nauka, Moscow,
1977)
42. P. Anselmann et al. (GALLEX Collaboration.), Phys.
Lett. B 342, 440 (1995)
43. W. Hampel et al. (GALLEX Collaboration), Phys. Lett.
B 420, 114 (1998)
44. F. Kaether, W. Hampel, G. Heusser, J. Kiko, T. Kirsten,
Phys. Lett. B 685, 47 (2010), arXiv:1001.2731 [hep-ex]
45. J.N. Abdurashitov, V.N. Gavrin, S.V. Girin, V.V. Gor-
bachev, T.V. Ibragimova et al., Phys. Rev. Lett. 77, 4708
(1996)
46. J.N. Abdurashitov et al. (SAGE Collaboration), Phys.
Rev. C 59, 2246 (1999), arXiv:hep-ph/9803418
47. J.N. Abdurashitov, V.N. Gavrin, S.V. Girin, V.V. Gor-
bachev, P.P. Gurkina et al., Phys. Rev. C 73, 045805
(2006), arXiv:nucl-ex/0512041
48. Th. Lasserre, J. Phys. Conf. Ser. 375, 042042 (2012)
49. Th. Lasserre, PoS(EPS-HEP2011)100 (2011)
50. G. Mention, J. Phys. Conf. Ser. 408, 012025 (2013)
51. C. Zhang, X. Qian, P. Vogel, Phys. Rev. D 87, 073018
(2013), arXiv:1303.0900 [nucl-ex]
52. J.M. Conrad, C.M. Ignarra, G. Karagiorgi, M.H. Shae-
vitz, J. Spitz, Adv. High Energy Phys. 2013, 163897
(2013), arXiv:1207.4765 [hep-ex]
53. C. Giunti, M. Laveder, Y.F. Li, Q.Y. Liu, H.W. Long,
Phys. Rev. D 86, 113014 (2012), arXiv:1210.5715 [hep-
ph]
54. S.K. Kang, Y.D. Kim, Y. Ko, K. Siyeon (2013),
arXiv:1303.6173 [hep-ph]
55. J. Kopp, P.A.N. Machado, M. Maltoni, T. Schwetz,
JHEP 05, 050 (2013), arXiv:1303.3011v2 [hep-ph]
56. C. Giunti, Acta Phys.Polon.Supp. 6, 667 (2013)
57. K.N. Abazajian, M.A. Acero, S.K. Agarwalla,
A.A. Aguilar-Arevalo, C.H. Albright et al. (2012),
arXiv:1204.5379 [hep-ph]
58. J. Hamann, S. Hannestad, G.G. Raffelt, Y.Y.Y. Wong,
JCAP 09, 034 (2011), arXiv:1108.4136 [astro-ph.CO]
59. A. Mirizzi, G. Mangano, N. Saviano, E. Borriello,
C. Giunti et al. (2013), arXiv:1303.5368 [astro-ph.CO]
60. F.P. An et al. (Daya Bay Collaboration), Phys. Rev. Lett.
108, 171803 (2012), arXiv:1203.1669 [hep-ex]
61. F.P. An et al. (Daya Bay Collaboration), Chin. Phys.
C 37, 011001 (2013), arXiv:1210.6327 [hep-ex]
62. J.K. Ahn et al. (RENO collaboration), Phys. Rev. Lett.
108, 191802 (2012), arXiv:1204.0626 [hep-ex]
63. A. Palazzo (2013), arXiv:1308.5880 [hep-ph]
64. C. Giunti, M. Laveder, Y.F. Li, H.W. Long (2013),
arXiv:1308.5288 [hep-ph]
65. A. Esmaili, E. Kemp, O.L.G. Peres, Z. Tabrizi (2013),
arXiv:1308.6218 [hep-ph]
66. H. Furuta, Y. Fukuda, T. Hara, T. Haruna, N. Ishi-
hara et al., Nucl. Instrum. Meth. A 662, 90 (2012),
arXiv:1108.2910 [hep-ex]
67. D.A. Dwyer, K.M. Heeger, B.R. Littlejohn, P. Vogel
(2011), arXiv:1109.6036 [hep-ex]
68. J. Spitz, Phys. Rev. D 85, 093020 (2012),
arXiv:1203.6050 [hep-ph]
69. A.S. Cucoanes (Nucifer Collaboration), J. Phys. Conf.
Ser. 375, 042063 (2012)
70. A.V. Derbin, A.S. Kayunov, V.N. Muratova (2012),
arXiv:1204.2449 [hep-ph]
71. A.P. Serebrov, V.G. Zinoviev, A.K. Fomin, U.E. Logi-
nov, M.S. Onegin et al. (2012), arXiv:1205.2955 [hep-
ph]
72. V. Belov, V. Brudanin, M. Danilov, V. Egorov, M. Fom-
ina et al., JINST 08, P05018 (2013), arXiv:1304.3696
[physics.ins-det]
73. M. Elnimr, I. Stancu, M. Yeh, R. Svoboda, M.J. Wet-
stein, F.G. Garcia, B. Osmanov, H. Ray, R. Tay-
loe, J. Boissevain et al. (2013), arXiv:1307.7097
[physics.ins-det]
74. O. Yasuda, JHEP 09, 036 (2011), arXiv:1107.4766
[hep-ph]
75. J. Gaffiot, Nucl. Phys. B (Proc. Suppl.) 237-238, 326
(2013)
